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We study an orbitally degenerate Kondo effect in a triangular triple quantum dot (TTQD), where the
three dots are connected vertically with a single metallic lead through electron tunneling. Both spin and
orbital degrees of freedom play an important role in the SU(4) Kondo effect. This is demonstrated by an
equilateral TTQD Kondo system at half-filling, by Wilson’s numerical renormalization group method. We
show how an emergent electric polarization of the TTQD is associated with a crossover from SU(4) to SU(2)
symmetry in the low-temperature state. A marked sign reversal of the electric polarization is generated by
the fine-tuning of Kondo coupling with degenerate orbitals, which can be utilized to reveal orbital dynamics
in the SU(4) Kondo effect.
Since Kondo’s pioneering work,1 quantum impurities
coupled to conduction electrons have been one of the ma-
jor issues of strongly correlated electron systems for over
half a century.2–4 Nowadays, the accumulation of knowl-
edge about the Kondo effect in bulk systems is applied
to nanoscale or mesoscopic devices such as quantum dots
(QDs) and molecular junctions, which extends the fron-
tiers of quantum phenomena.5–10 Indeed, typical Kondo
behavior is observed in the conductance between metal-
lic leads through a single QD, whose quantized energy
levels are highly tuned by the gate voltage.11–15 Recent
nanofabrication techniques have facilitated various geo-
metric configurations of multiple QDs.16–19 Multicoupled
QDs are considered as variants of a molecule in which
spin and charge degrees of freedom play a crucial role
through strong electron correlation.
Such innovation of the Kondo physics motivates us to
study a triangular triple quantum dot (TTQD) as the
simplest multiple QD system with a closed loop.16, 18
When the three equivalent QDs form an equilateral trian-
gle, doubly degenerate molecular orbitals of TTQD play
the same role as a spin. At half-filling, the TTQD ground
state is fourfold-degenerate with respect to both spin and
orbital degrees of freedom, namely, SU(4)-symmetric. It
is expected that the orbital dynamics leads to a highly
symmetric SU(4) Kondo effect as a theoretical extension
of a conventional spin SU(2) Kondo effect.2, 3 Previous
theoretical studies of TTQD systems have so far paid
much attention to a lateral metallic contact that brings
about rich Kondo physics related to three-site spin con-
figurations of TTQD.20–28 In such a lateral geometry, it
is not practical to search for the SU(4) Kondo effect since
the molecular orbital is not classified as a good quantum
number. On the other hand, it is more appropriate to in-
vestigate a different TTQD system in which each QD is
point-contacted vertically with a single lead. In this case,
the SU(4) Kondo effect is realized by the C3 symmetry
of TTQD.
In a related context, the SU(4) Kondo physics has been
frequently studied using carbon nanotube devices whose
dynamical properties come from valley degrees of free-
dom as well as spins, which correspond to the clockwise
or counterclockwise circular motion of electrons around a
nanotube.6, 29 In fact, the possibility of the SU(4) Kondo
effect is indicated by the observation of both spin SU(2)
and valley SU(2) Kondo effects in a magnetic field. Note
that valley mixing normally lowers the SU(4) symmetry
and hinders a direct detection of the SU(4) Kondo ef-
fect. The issue of whether the carbon nanotube can be
adopted as an ideal QD device for high controllability
remains to be resolved.
Keeping the above points in mind, we hereby propose
a new approach to the SU(4) Kondo physics using the
TTQD system with a vertical metallic contact. It is diffi-
cult to distinguish an SU(4) ground state from an SU(2)
ground state since both physical properties are quali-
tatively equivalent in the Fermi-liquid picture. For this
reason, we focus on an emergent electric polarization due
to the Kondo effect associated with a deviation from the
C3 symmetry. This is manipulated by different Kondo
couplings between molecular orbitals with even and odd
parities in the TTQD geometry. A crossover between the
SU(2) and SU(4) ground states is revealed by the emer-
gence of an electric polarization that reflects an orbitally
polarized Fermi-liquid state. Particularly, the sign of an
electric polarization depends on the orbital parity, and
the SU(4) Kondo state can be identified by its sign re-
versal.
We study an equilateral TTQDKondo system in which
three QDs are connected to a single lead vertically, as
shown in Fig. 1. Since the isolated TTQD is regarded as
an impurity site, the system is modeled by an impurity
Anderson Hamiltonian. We focus on a strong Coulomb
coupling case to clarify the interplay between charge,
spin, and orbital degrees of freedom associated with the
Kondo effect. The Hamiltonian examined here consists of
three terms: H = Hdots +Hlead +Hl−d. For the isolated
TTQD, each QD is considered as an Anderson impurity
1
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Fig. 1. (Color online) Illustration of TTQD Kondo system.
Three QDs (green circles) are connected to a single lead vertically
through electron tunneling (broken lines). The TTQD molecular
orbitals are hybridized strongly with partial waves of lead elec-
trons with the C3 symmetry. Both clockwise and counterclockwise
electrons are associated with degenerate E± orbitals relevant to
the SU(4) Kondo effect.
and the electron motion around the TTQD is of the hop-
ping type:
Hdots =
∑
i
(εd,ini + Uni↑ni↓)− t
∑
i6=j,σ
d†iσdjσ, (1)
where εd,i (< 0) represents an orbital energy of the dot
labelled i (= a, b, c), U (> 0) is the on-site Coulomb
repulsion between two electrons occupied in the orbital,
and t (> 0) is an interdot electron hopping parameter.
The number operator is given by ni =
∑
σ niσ (niσ ≡
d†iσdiσ) for localized electrons with spin σ (=↑, ↓) whose
creation and annihilation are expressed by d†iσ and diσ ,
respectively. Here, the symmetric condition εd,i = −U/2
is used for each QD. For the lead electrons,
Hlead =
∑
kσ
εkc
†
kσckσ (2)
represents the kinetic energy term with εk, where c
†
kσ
and ckσ are the creation and annihilation operators, re-
spectively, for electrons with the wavevector k and the
spin σ. In Fig. 1, the three sites in the TTQD are cou-
pled to the single lead through electron tunneling matrix
elements, which is considered as the hybridization be-
tween intradot orbitals and a conduction band. It is con-
venient to use the molecular orbital basis of the TTQD
labelled τ (= A,E+, E−) of a C3 irreducible represen-
tation, which is related to the three sites as d†Aσ =
(d†aσ+d
†
bσ+d
†
cσ)/
√
3, d†E+,σ = (2d
†
aσ−d†bσ−d†cσ)/
√
6, and
d†E−,σ = (d
†
bσ−d†cσ)/
√
2.30 The subscripts ± respectively
represent even and odd parities of doubly degenerate E
orbitals against the interchange between the b and c sites.
In this new basis, the last term in Eq. (1) is rewritten as
−t
∑
σ
(2d†AσdAσ − d†E+,σdE+,σ − d
†
E−,σ
dE−,σ). (3)
Since partial waves of conduction electrons with the same
orbital symmetry are the most relevant to the vertical
point contact with the three QDs, we describe the hy-
bridization with the TTQD molecular orbitals as
Hl−d =
∑
kτσ
(vτd
†
τσckτσ + h.c.), (4)
where vτ is assumed to be constant. Accordingly, Eq. (2)
is reduced to Hlead =
∑
kτσ εkc
†
kτσckτσ (k = |k|) as a
relevant term. We use Γτ ≡ piρ|vτ |2 as the strength of
each point contact, where ρ is the density of states of
conduction electrons at the Fermi energy. The E± orbital
degeneracy (ΓE+ = ΓE−) is necessary for the realization
of the SU(4) Kondo effect. For simplicity, we also assume
that the fully symmetric A orbital is completely localized
(ΓA = 0) since there is no contribution to the emergence
of electric polarization for a finite value of ΓA that does
not break the C3 symmetry. In reality, ΓE+ ≃ ΓE− ≫
ΓA is a plausible condition, by analogy with the valley
degeneracy of a carbon nanotube relevant to a metallic
contact.29 The SU(2)-SU(4) crossover in the Kondo effect
can be demonstrated by introducing a deviation from
the C3 symmetry of the TTQD system, which can be
characterized by a finite value of |ΓE+ − ΓE− |.
Let us begin with the low-lying energy states of the
isolated TTQD at half-filling (ni = 1). For t = 0, the
ground state is eightfold-degenerate with respect to a
spin: S = 1/2 (orbitally degenerate) and S = 3/2, where
S is the total spin of a TTQD state. The interdot electron
hopping (t 6= 0) lifts the degeneracy of S = 1/2 and
S = 3/2, and it favors the S = 1/2 states. The degenerate
orbital states of S = 1/2 are distinguished by
|φ+↑〉 = 1√
2
|a ↑〉(|b ↑〉|c ↓〉 − |b ↓〉|c ↑〉), (5)
|φ−↑〉 = 1√
6
[|a ↑〉(|b ↑〉|c ↓〉+ |b ↓〉|c ↑〉)− 2|a ↓〉|b ↑〉|c ↑〉],
(6)
where |iσ〉 represents a local spin state at the i site in
the Sz = 1/2 wave functions. The denotation + (−) rep-
resents the even-parity spin-antisymmetric state (odd-
parity spin-symmetric state) with respect to the inter-
change of the b and c sites. The time reversal Sz = −1/2
wave functions |φ±↓〉 are given by the interchange of spin-
up and spin-down in |iσ〉.
In the strong Coulomb coupling limit t/U ≪ 1, the
low-energy subspace is described by the onsite spin 1/2
operator Si for the TTQD state. Through the second-
order perturbation of the hopping term in Eq. (1), the
unperturbed S = 1/2 states are coupled to the ex-
cited states with double occupancy of electrons, lead-
ing to an effective superexchange interaction. This per-
turbation effect on Eqs. (5) and (6) brings about a
charge deviation from ni = 1 at each QD. Here, we use
δn = (2na − nb − nc)/3 to measure electric polarization
in the TTQD, which is related to the following electric
polarization operator expressed by the intersite spin ex-
change as26, 31
δnˆ = 8
(
t
U
)3
[Sa · (Sb + Sc)− 2Sb · Sc] , (7)
for t/U ≪ 1. Note that (t/U)3 comes from the elec-
tron hopping around the triangular loop. One can eas-
ily find that the charge distribution is polarized in the
TTQD when the three-site spins are not equivalent. In
the present case, δn is generated by a finite |ΓE+−ΓE−|.
Magnetic impurities are strongly coupled to conduc-
tion electrons through the Kondo effect and the low-
2
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temperature state is described by the Kondo singlet for-
mation in the strong Coulomb coupling limit. In a previ-
ous study, we reported the emergence of electric polariza-
tion in the TTQD Kondo system for t/U ≪ 1.26 In that
study, the target of the Kondo effect is a single local spin
in the TTQD (for instance, Sa) point-contacted by the
lead, which is completely quenched through the Kondo
effect with conduction electrons at low temperatures. Ac-
cording to Eq. (7), it is expected to achieve electric polar-
ization in the TTQD as δn = −16(t/U)3〈Sb ·Sc〉, where
〈Sb ·Sc〉 is an expectation value of the ground state. This
leads to a finite δn > 0 since 〈Sb · Sc〉 < 0 due to the
antiferromagnetic superexchange interaction.
A similar mechanism also holds for the present vertical
point contact with the TTQD. The even-parity contact
with ΓE+ contributes to a positive electric polarization
δn > 0 at low temperatures, while δn < 0 is expected for
the odd-parity ΓE− . We note that the sign of δn is related
to electric polarization in the isolated TTQD given by
〈φ±,σ|δnˆ|φ±,σ〉 = ±12(t/U)3 for t/U ≪ 1.
The model analysis of the SU(2)-SU(4) Kondo
crossover is devoted entirely to investigating the ΓE± de-
pendence of ground states and the corresponding elec-
tric polarization δn. The numerical calculation is carried
out by Wilson’s numerical renormalization group (NRG)
method using a recurrence relation at each renormaliza-
tion step N .32–34 The original Hamiltonian is related to
the Nth NRG Hamiltonian:H = limN→∞[D(1+Λ
−1)/2·
Λ−(N−1)/2HN ], where Λ is a logarithmic discretization
parameter of a half width D of the conduction band. At
a sufficiently large number N , we reach the fixed-point
HamiltonianH∗N . The corresponding energy level scheme
depends on whether N is even or odd (N also represents
the number of sites of the one-dimensional hopping-type
Hamiltonian HN ). The numerical accuracy depends on
the cutoff of higher-energy states, which is usually ad-
justed by Λ and another parameter β¯ ∼ 1 related to the
physical temperature T/D = [(1+Λ−1)/2]Λ−(N−1)/2/β¯.
It is also useful to classify eigenstates with the orbital
parity. In the present study, we use Λ = 3, keep about
2400 lowest-lying states, and fix U/D to 0.9.
First, let us consider the relationship between the
SU(2) and SU(4) fixed points. The former is realized
for a bare value ΓE+ = 0 or ΓE− = 0, while the latter
for ΓE+ = ΓE− . Low-lying energy levels are described
by the Fermi-liquid picture. At the SU(2) fixed point,
a Kondo singlet is formed by one of the TTQD ground
states (|φ+,σ〉 or |φ−,σ〉) with lead electrons. Accordingly,
one orbital (E+ or E−) leads to a strong coupling fixed
point, and the other is decoupled from the TTQD. Even
if ΓE+ and ΓE− are much different in magnitude, both
E+ and E− orbitals participate in the Kondo effect. Ow-
ing to the effective exchange interaction between E± or-
bitals, an orbital polarization of the Fermi-liquid state
changes with the difference |ΓE+ − ΓE− |.
Quasiparticle excitations are described by discrete
single-particle energy levels in the NRG.2, 3, 32–34 The
ground states for SU(2) and SU(4) are illustrated in
Fig. 2, where a few lowest one-particle energy levels are
shown. The ground state is given by filling electrons at
each level from the bottom up to the Fermi energy as
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Fig. 2. Energy spectra for ground states at the SU(2) and SU(4)
fixed points of Fermi liquid in the NRG calculation, which consist
of two independent energy schemes of the E± orbitals. A few lowest
single-particle energy levels are shown here. Both spin-up and spin-
down electrons are occupied at each energy level below and at the
Fermi energy (EF = 0). The strong coupling and free electron fixed
points are labelled SC and F, respectively.
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Fig. 3. (Color online) First excitation NRG energies for the E±
orbitals at the ΓE± -dependent Fermi-liquid fixed points. Each data
(even N) is shown as a function of θ = arctan(ΓE−/ΓE+ ), where
Γ0 ≡ (Γ2E+ + Γ
2
E−
)1/2 and t/U = 0.12.
the origin. It is evident that the SU(2) fixed point is de-
scribed by the combination of two independent energy
level schemes due to a strong coupling fixed point for
one orbital and a free electron fixed point for the other
(labelled SC and F, respectively). More precisely, there is
a small energy shift owing to particle-hole asymmetry for
SC; for F, a single level coincides with the Fermi energy
at an even N , leading to a fourfold-degenerate ground
state. On the other hand, at the SU(4) fixed point, both
E+ and E− orbitals show the same energy spectrum
in Fig. 2. As |ΓE+ − ΓE− | decreases, the ground state
changes from the SU(2) fixed point to the SU(4) fixed
point continuously. For an even N , each SU(2) energy
level on the left (on the right) shifts upwards (down-
wards), and both left and right levels merge with each
other at |ΓE+ −ΓE− | = 0. This also holds for an odd N ,
although the energy spectra are exchanged between SC
and F. The roles of particles and holes are interchanged
between the even and odd N steps. Thus, the E± or-
3
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Fig. 4. (Color online) ΓE± dependence of emergent electric po-
larization δn in the TTQD. The data are shown for Γ0/U =
0.0353, 0.0706, 0.106 (t/U = 0.12). Inset: ΓE± dependence of po-
larization of electron occupation δnorb in the E± orbitals for the
same Γ0/U in Fig. 3.
bitals become degenerate at the SU(4) fixed point. This
SU(2)-SU(4) crossover can be traced by the ΓE± depen-
dence of the first excitation energies corresponding to the
E± orbitals in Fig. 3. The data are shown for comparison
between two values of Γ0 ≡ (Γ2E+ +Γ2E−)1/2, where each
energy is plotted as a function of θ = arctan(ΓE−/ΓE+)
for a fixed Γ0. When Γ0 is sufficiently small, the crossover
appears with an abrupt change in the energy level at the
SU(4) fixed point (θ = pi/4). The s-shaped curve becomes
moderate with an increase in Γ0. The inset of Fig. 4
shows that a similar behavior appears in a polarization
of electron occupation in the E± orbitals, namely, an ex-
pectation value δnorb = 〈
∑
σ(d
†
E+,σ
dE+,σ−d†E−,σdE−,σ)〉
in the TTQD at the ΓE±-dependent Fermi-liquid fixed
points. We notice that |δnorb(θ)| = |δnorb(pi/2 − θ)| is
satisfied in 0 ≤ θ ≤ pi/4.
It is more important to investigate the electric polar-
ization δn in the TTQD as a measurable quantity, which
is closely related to δnorb, although it does not follow the
same ΓE± dependence. In fact, |δn(θ = 0)| does not equal
|δn(θ = pi/2)| in Fig. 4, except in the Γ0 = 0 limit. As in
Fig. 3, δn is plotted as a function of θ for various values of
Γ0, where t/U is fixed at 0.12. At the even-parity SU(2)
fixed point (θ = 0), |δn| increases with an increase in
ΓE+ . On the other hand, |δn| decreases as ΓE− increases
at the odd-parity SU(2) fixed point (θ = pi/2). Since a
single electron is almost localized at each QD for a small
t/U , the electric polarization |δn| is much smaller than
the orbital polarization |δnorb|. Nevertheless, δn(θ) also
shows a sharp SU(2)-SU(4) crossover if both ΓE+ and
ΓE− are sufficiently small. As Γ0 increases, the δn(θ)
curve becomes monotonic. This causes difficulty in iden-
tifying an exact SU(2)-SU(4) crossover point in θ. How-
ever, one can find that δn(θ) approaches zero with an
almost linear dependence on θ in the ΓE+ dominant re-
gion (0 < θ < pi/4), which implies the SU(4) fixed point.
We also find that the magnitude |δn| mainly depends on
t/U . It is approximately fitted by a power law of t/U
unless t/U is much smaller than Γ0/U (the exponent is
close to 3 at Γ0 → 0).
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Fig. 5. (Color online) Temperature dependence of δn as a func-
tion of ΓE−/U for ΓE+/U = 0.0240 and t/U = 0.12. Here, δn
∗ rep-
resents an electric polarization at the ΓE± -dependent fixed points.
In Fig. 5, we show how δn is induced by the Kondo ef-
fect with the decrease in temperature. Each data point is
plotted as a function of ΓE−/U , where ΓE+/U = 0.0240
is chosen as a small constant value. Despite a large
|ΓE+ − ΓE− | difference, δn(T ) is close to zero at high
temperatures, indicating that the TTQD state |φ±,σ〉
maintains the E± orbital degeneracy. At low tempera-
tures, the emergence of δn is accompanied by the com-
plete screening of the TTQD spin. At sufficiently low
temperatures, δn reaches a fixed point value δn∗. Note
that δn(T ) = 0 is maintained at all temperatures for
ΓE− = ΓE+ owing to the SU(4) symmetry. In the vicin-
ity of the SU(4)-symmetric point, |δn| shows an abrupt
increase with a decrease in temperature. From the view-
point of application, the SU(2)-SU(4) Kondo crossover
is useful for the manipulation of the sign reversal of the
emergent electric polarization.
In summary, we show that the TTQD device is an at-
tractive tool for detecting orbital dynamics in the SU(2)-
SU(4) Kondo crossover. The emergence of the electric po-
larization δn is controlled by the difference in the Kondo
coupling strength between the E± orbitals that brings
about a deviation from the C3 symmetry of TTQD. The
SU(2)-SU(4) Kondo crossover is confirmed by a marked
change in δn, which becomes more prominent with a
decrease in the point-contact strength ΓE± . The recent
nanofabrication technique has achieved the confinement
of a few electrons in a TTQD system.16, 18 Electron tun-
neling through a point contact can be fine-tuned by ad-
justing the gate voltage of each QD.35 Thus, the manip-
ulation of an electric polarization on the nanoscale could
be promising for a new application of the Kondo effect.
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